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Abstract 

We study the approach in which independent variables describing gravity are func- 
tions of the space-time embedding into a flat space of higher dimension. We formulate 
a canonical formalism for such a theory in a form, which requires imposing additional 
constraints, which are a part of Einstein's equations. As a result, we obtain a theory 
with an eight-parameter gauge symmetry. This theory becomes equivalent to Einstein's 
general relativity either after partial gauge fixing or after rewriting the metric in the form 
that is invariant under the additional gauge transformations. We write the action for such 
a theory. 
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1. Introduction 



In the usual description of gravity in the framework of Einstein's general relativity (GR), 
the four- dimensional space-time is a Riemannian (more precisely, pseudo-Riemannian) space. 
An example of the Riemannian space is a d-dimensional surface in a fiat space of a higher 
dimension if we consider the metric on this surface to be induced by the trivial metric of the 
ambient space. But a surface in a fiat ambient space turns out to be not just a particular 
example of a Riemannian space; considering an arbitrary Riemannian space can be presumably 
replaced by considering such a surface. According to the Janet-Cartan theorem [l]l2] (see, e. g.. 
Remark 18 in [3]), an arbitrary Riemannian space of dimension d can be locally embedded 
isometrically in any Riemannian space of dimension greater than or equal to 



and therefore, in particular, in a fiat Riemannian space of such dimension. Friedman [1] gener- 
alized this theorem to the case of a nonpositive definite space signature. 

This theorem ensures only a local existence of an isometric embedding, i. e., for a finite part 
of a manifold. We note that if we address the problem of a global manifold embedding, then 
the necessary dimension N may increase dramatically depending on the manifold topology (see 
Remark 18 in [3]). 

The Janet-Cartan theorem ensures only the existence, not the uniqueness, of the embedding. 
This means that different surfaces with the same metric may exist. In this case, we speak of 
a possible isometric bending of a surface. For instance, it is clear that the uniqueness of the 
embedding is certainly lost for > d{d + l)/2 because we can first embed the surface into a 
space of dimension d{d+ 1)/2 and then isometrically embed this space in different ways as a part 
of a cylinder in an A^-dimensional space. Comparing the numbers of variables and equations 
shows that in the general case, the uniqueness of embedding presumably holds (up to trivial 
shifts and rotations in the ambient space) when condition ([1]) is satisfied exactly. Indeed, the 
metric ^f^j, has d{d + l)/2 independent components, and we have the same number of equations 
for A^ functions describing the embedding. But in some cases, the uniqueness may be absent 
even if condition ([T]) holds. As a nontrivial example of a surface admitting isometric bending, 
we can take a sufficiently small but finite part of a sphere. 

In accordance with condition ([1]), we can take the ten-dimensional space as an ambient space 
for the four-dimensional space-time. The signature of the former can be conveniently taken to 
be (+,—,—,...,—), i. e., we take the Minkowski space R^'^ as an ambient space. Because 
instead of considering space-time as a Riemannian space, we can, with the above precaution, 
consider the four- dimensional surface in the ten-dimensional space R^'^, the idea arises to 
use not the metric field g^uix) but variables describing the surface as independent variables 
in the gravity description. As such variables, it is convenient to take the embedding function 
y"'{x^) describing the map 



Here and hereafter, the indices a,b, . . . range the values 0, 1, 2, . . . , 9 and /i, z/, . . . = 0, 1, 2, 3. 
We assume that y"' are the Lorentzian coordinates in i?^'^ and we can raise and lower the indices 
a,b, . . . using the constant pseudo-Euclidean metric of the ambient space 



A^ 



d{d + l) 
2 





(2) 



r]ab = diagil, -1, -1, . . . , 



!)• 
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This idea was first advanced in 1975 in a talk by Regge and Teitelboim and was then 
pubhshed in |5J. In this way, we can try to study another approach to quantizing gravity and, 
in particular, obtain a new insight into the causality problem in the theory because we have 
fixed light cones in the ambient flat space. Moreover, we can relate this theory to other theories, 
such as superstring theory, using the extra dimensions. 

In [5], the theory action was chosen to be the standard GR action 




where R is the scalar curvature and g = det^f^i,, where the metric is induced and expressed in 
terms of the embedding function, 

9,,u = d^y^d^Va. (4) 

Varying this action with respect to y"'{x) produces the equations of the theory of embedding: 

% {G^'d^yn = 0, (5) 

where G'^'^ is Einstein's tensor constructed from metric (jl]) and is the covariant derivative 
induced by this metric. In the case of matter with the energy-momentum tensor T'^'^, Eqs. 
become 



V,{{G>''' ->€Tnduyn = 0. (6) 

Because adding matter does not play a principal role in describing the theory, for simplicity in 
what follows, we consider the gravitational fleld with matter absent. 

Equations (I5l) are more general than Einstein's equations, i. e., any solution of Einstein's 
equations is a solution of the theory of embedding, but not vice versa. The theory of embedding 
is therefore not equivalent to GR. There are extra solutions in the former. The question 
therefore arises whether it is possible to introduce additional restrictions into the theory of 
embedding such that it becomes equivalent to GR. 

To exclude extra solutions, the following idea was advanced in [5J: it was proposed to com- 
plete the set of equations of motion arising from the action by imposing additional constraints 
Gn± = on some of Einstein's equations, where the symbol _L denotes the direction orthogonal 
to the constant-time surface. We discuss this possibility in Sec. 3 below, where we show that 
at least in the general case, imposing the constraints Gf^± = only at the initial instant suffices 
to ensure the equivalence to Einstein's equations, i. e., these constraints are analogous to the 
first-class constraints in the canonical formalism. This result was derived in more detail in p], 
where a detailed exposition of the formalism convenient for describing the theory of embedding 
can also be found. The basic equations of this formalism are given in Sec. 2. 

We mention that an artificial, ad hoc, introduction of additional equations into the theory 
seems not quite satisfactory, as was noted in ItTj, where it was also argued that a proper way out 
might be to find a modification of the action that generates the necessary additional equations, 
but it was also mentioned that how to do this is unknown. We propose such a modification of 
the action in Sec. 5 below. 

There were attempts to construct a canonical formalism for the theory of embedding. It 
is known that disregarding surface terms allows reducing the gravitational action to a form 
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in which the Lagrangian contains only first derivatives of the metric (7^1, with respect to time. 
Because formula (jl]) contains the differentiation, the Lagrangian turns out to contain second- 
order time derivatives of the embedding function y'^. This considerably hinders constructing 
the canonical formalism. Nevertheless, a possibility of constructing a canonical formulation of 
this theory was studied in [8] based on a special technique developed for this case. The progress 
along this route was achieved only after a complete gauge fixing. 

A detailed consideration shows that the embedding theory equations do not contain time 
derivatives of of order higher than two. This would indicate that the action can be rewritten 
in a form in which the Lagrangian contains only first derivatives in time. It was already noted 
in [5j that this can be achieved if the action is written in the Arnowitt-Deser-Misner form [9] . If 
we represent the action in this form, then we can develop the canonical formalism standardly, 
but extremely complex constraints appear in the theory. Their form was studied in [10], where 
it was found that some of the constraints cannot be written explicitly and can be represented 
only in the form of the existence of coincident roots of a certain pair of polynomials. 

A possibility of adding the conditions = (which can also be considered constraints) 
to the set of arising constraints was considered in [S] , but the problem of closing such a unified 
system of constraints remained open. We devote Sec. 4 of this paper to constructing such a 
canonical formalism with the additional constraints. The found system of constraints, which is 
found explicitly in this case, differs from that in [5] because the restrictions on the generalized 
momentums that appeared there were not taken into account correctly. We demonstrate that 
the obtained system of constraints is closed. 

In Sec. 5, we construct and analyze the action corresponding to the found canonical formu- 
lation of the theory. 

An extended bibliography related to the theory of embedding and related questions can be 
found in 

2. A concise exposition of the embedding theory formalism 

The description of a surface in the flat space R^'^ using the embedding function y"'{x) is 
invariant under transformations of the coordinates on the surface. The components of the 
functions y"'{x) act like scalars with respect to these transformations. We can therefore regard 
the function y"'{x) as a ten-component field defined in the four- dimensional Riemann space and 
carrying the superscript of the global internal symmetry group S0{1,9), corresponding to the 
Lorentz transformations of the ambient space i?^'^. 

Because y"'{x) is a scalar, its covariant derivative coincides with the standard derivative, 

V,y'^ = d,y'^^e^^. (7) 

Analogously, the covariant derivatives of quantities carrying both Greek and Latin indices are 
constructed standardly as if there were no Latin indices. The quantity resembles a tetrad 
used in the tetrad description of gravity, but it differs from the standard tetrad in that its 
index a ranges more values than the index fi. This quantity can be treated as the union of 
four vectors (if we take = 0, 1,2,3) of the ambient space. These vectors constitute a basis 
(nonorthogonal in general) in the subspace tangent to the surface at a given point. At the 
same time, the quantity is a vector with respect to its index /i at a fixed a. 
The induced metric is 

9i,u = e^el riab = e^,^ = d^y" d^ya- (8) 
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It is convenient to introduce the quantity 



e'a = g'^^u^a, g'-'gua = s^. (9) 

It is then easy to note that the equahties 

e^e; = 5}, g'^^ = e^^^e: (10) 

are satisfied. From the condition of covariant constancy of the metric and the absence of torsion 
(because of which V^e^ = Vj^e^J and from form (jS]) of the metric, we can establish (see [B]) that 

ea,aV^e^ = 0, (11) 

whence we expression the connection 

r?. = ef d,et = ef d.d.y'^. (12) 

But in calculations within this formalism, we can disregard such a noncovariant quantity as the 
connection, which is a definite advantage of the formalism. Usually, we cannot write a formula 
for the covariant differentiation without a connection, but it is possible here. We write the 
covariant derivative of a vector using property (iTTl) : 



V^a'^ = e^^V^a'^ = e^^ietan - e^^iV^eDa-" = e;^V„(e>^) = e^^ 9,(e>^). (13) 

We can write analogous formulas for the covariant differentiation of tensors of arbitrary rank. 
We obtain a simple rule for the covariant differentiation: contracting with respect to every 
index with the quantity e", we must "transfer" the tensor from the Riemannian space to the 
ambient space, take the standard derivative there, and then "transfer" it back performing the 
contraction with e'^. In cases where it cannot lead to confusion, we merely write a" instead of 
the contraction e^a'^ (and analogously for quantities with several indices). 

We now introduce the quantity Il'^{x), which is extremely useful for calculations and is the 
projection on the plane tangent to the surface W"^ at a given point. It is easy to verify that 
such a projection operator can be written as 

= eX- (14) 

It is also convenient to introduce the operator of projection to the space dual to the tangent 
plane: 

= 6^, - Ul (15) 
We write several properties of the introduced objects useful for calculations (see the proof in 

my- 

n^^(5n^)n^S = o, 6Uat = ui{6u,d)Uj_t + u^nsu^M. (i6) 

The second fundamental form of the surface 6^^, plays an important role in describing the 
geometry of embedded surfaces. By definition (see, e. g.. Sec. 3 in Chap. 7 in [3]), for any 
tangent vector field /'', 

{d,f)U,t = hlJ\ (17) 
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whence, noting that f Ilil = 0, we obtain the equahty 



We note that the condition 



ua — pb Pi rra 



KK^ = o (19) 



is satisfied identically for 6^^, i. e., 6^^, can be regarded as the set of vectors indexed by /i and 
p with components indexed by a that are orthogonal to the tangent plane. We have one more 
convenient representation for the second fundamental form of the surface. Replacing 11^ with 
— ILb in f|T8|) and pushing the derivative to e^, we obtain the equality 



b% = U,td,et = U^td,d,y\ (20) 

whence we immediately see that is symmetric in the lower indices. We can also easily note 
that formula (l20l) can be rewritten in the explicitly covariant form 

&;. = %e^ = V^V.y". (21) 

In the case where the codimension of the surface is one and hence Tliab = naUb, because of 
condition (fT9i) . instead of 6^^,, it suffices to consider the quantity 

K^u = n,b%, (22) 

which is also called the second fundamental (or second quadratic) form of the surface in this 
case. 

The second fundamental form of the surface plays an important role in describing gravity 
in terms of the embedding function because the Riemann- Christ off el curvature tensor in the 
case of a fiat ambient space is expressed in terms of precisely this quantity: 

Ral3fj.iy = i>a^fia,l3u " Ku^f^fJ.- (23) 

We note that this equation is the Gauss equation for a surface embedded in a fiat ambient 
space. The scalar curvature can be written in the form 

R = g^^g^^Ro^p,, = {g'^'^g^" - g^'g^^) hl^K^p,. (24) 

Substituting expression (1231) in the known representation of the Einstein tensor, 

G^'' ^R'^'-l g'^R = \ g^cE'^'^^E'-^^'R^PiS, (25) 

where E'^^"^ = ^m?"/? g^nd e'^^'^^ is the unit totally antisymmetric tensor, we can write it in 
the form 

C^" = ^ g^^E^^^^^E-^^' bl^ba,(35. (26) 
We use this expression for the Einstein tensor below. 
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3. Comparing equations of the embedding theory with Einstein's equations 

Embedding theory equations ([5]) are ten equations obtained by varying with respect to the 
ten components of the embedding function y"'. But among these equations, four are satisfied 
identically. Indeed, Eqs. ^ can be rewritten as the set of equations 

n!:V,(G^'^ee) = 0, (27) 
IkiV,{G^''el) = Q. (28) 

By virtue of formulas fl21l) . fll9p the first of these equations can be written equivalently in the 
form 

V^G^'^ = (29) 

and is satisfied identically because of the Bianci identity. Therefore, only six independent 
embedding equations fl28l) remain. Again using (12T1) and taking identity (129|) into account, we 
can rewrite them in the form 



G^'^ = 0. (30) 

We recall that the quantity b^, is regarded as the set of vectors with components indexed by 
a directed normal to the tangent plane, and Eqs. fl30|) therefore contain only six independent 
equations. 

We now rewrite Eq. (130|) using formula ( l26i) : 

g^^E^^'^^E'^<^'b'',^h,psb% = 0. (31) 

It is clear in this form of writing that the embedding theory equations do not contain derivatives 
of an order higher than two. It is interesting that Einstein's equations have the same property 
if they are written in terms of y"". 

g^^E^^'^PE'"^^'bl^b,,fss = 0. (32) 

We now compare the embedding theory equations and Einstein's equations. For this, we fix 
the choice of time on the surface W^, i. e., we define a system of three-dimensional spacelike 
surfaces corresponding to constant time. These surfaces are described by the embedding 
functions 

y^{x')^y%xn\.o=t. (33) 

Here and hereafter, the indices i,k, . . . range the values 1, 2, 3. For each such surface, we can 
introduce all the quantities described in Sec. 2, and we label such quantities with the digit 3 

^ 3 3 3 3 3 

over the letter: e^, gik, Hab, ^Lab, Eatc, Rikim, ■ ■ ■ ■ We note that tensors with upper Latin 
indices marked by the digit 3 can be always obtained by raising these indices using the matrix 
g'^'', which is inverse to the matrix gi^. We also introduce the unit vector Ua that is tangent to 
the surface at a given point and is normal to W^. From the first equality in ffTOl) . we have 

e°e^ = => e°e^ = 0, (34) 
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whence we obtain 



For definiteness, we set uq > 0. It is clear that 

3 3 
^ab = ^ab + naUb, Ui^f, = Uiab " ^a^fe- (36) 

We obtain one more useful representation for the vector ra". Using formulas ( I36l) .( l35l) . we have 



3 <7^'J/^0/^^ /in 

n^^^ = n^n^el = = (37) 

whence 

3 

n^ = ^^ A.I d,y' = "^^f"^' ■ (38) 

As is known, the second fundamental form of the surface as a submanifold in is 
given by 

Kik = -Vink, (39) 

where the covariant derivative is determined by the Riemannian connection in W^. Using 
covariant differentiation rule fll3p . we find that 

Kiu = -el 9.(e>^) = -el d^n, = dj^ = ria k„ = ria d^duV^ (40) 

Applying formula (1201) for the second fundamental forms of the surfaces W'' and W'^ and using 
the second relation in (l36l) . we can easily obtain the simple law for adding second fundamental 
forms: 

= kk - n'^K,,. (41) 

Using the above relations, among all Einstein's equations taken in form (132|) . those four 
equation that can be written as 

UaG''' = 0, (42) 

can be represented as the equation 

{9%'"^ - g'^g"'") kk km riaUb -R = 0, (43) 
taken together with the three equations 
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(see [S]). Applying the identity 

= li^^^'=^'-^"^,A = 0, (45) 
where we use formula ( !2T|) . we can conveniently transform Eqs. (jH]) to the form 

(^^^^'"^ - g'^'g'') n,^ = 0. (46) 

We can easily see that Eqs. ( H3ll and ( H6|l do not contain time derivatives of y°'{x) of an 
order higher than one, and such derivatives enter the equations only through the quantity 
rf'. Four equations P2|) can be therefore considered constraints, i. e., conditions, which impose 
restrictions on the initial data y°'{x^), doy°'{x^) defined on the surface x° = const. It is interesting 
that Eqs. (l42l) . which were constraints in GR, remain constraints in the embedding theory 
although the GR independent variables (the metric g^u) are now expressed in terms of the 
independent variables of the embedding theory (the functions y°'{x)) by means of differentiation. 
We call Eqs. fj42l) Einstein's constraints. 

We now consider the previously obtained embedding theory equations (|30|) . writing them 
in the form 

G'" bl, = 0. (47) 

We assume that they are satisfied and treat them as the equations describing the time evolution 
of the three-dimensional spacelike surface W^. We find what additional restrictions must be 
introduced in the theory for it to be equivalent to GR, i. e., for Einstein's equations to hold. 
The analysis just performed demonstrates that for this, we must at least choose the initial data, 
i. e., the values of y"'{x^) and dQy°'{x^) at the initial instant, that satisfy Einstein's constraints. 

We assume that this was done, i. e., Eqs. (H2!) are satisfied at the initial instant. Using 
formula (l36ll at the initial instant, we can then write the expression 

G^''e:etb^ = 0. (48) 

instead of ( l47|l . The quantity in this equation can be interpreted as a matrix with the 
multi-indices h and {ik}. We can then assume that h ranges not ten but six values because 
four identities ( fT9l) are satisfied, and the multi-index {ik} also ranges six values because the 
quantity b^^ is symmetric. The quantity 6^^, can therefore be considered a square matrix of the 
size 6x6. We additionally assume that this matrix is nondegenerate at all points of the initial 
surface, which can be conditionally written as 

det {bi) ^ 0. (49) 

This assumption is purely technical; it just excludes a certain initial data subset of measure 
zero. Condition ( H9l) was discussed in [6]. In particular, it was shown there that breaking 
this condition results in a special situation for Einstein's equations written in terms of the 
embedding function. 
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If the matrix is nondegenerate, then Eq. (HSj) is equivalent to the equation 

G^' I'M = 0, (50) 

which, together with imposed constraints ( H2l) . can be written as Einstein's equations 

C"" = 0. (51) 

We have thus obtained the first result: the embedding theory equations together with con- 
straints ( H2l) and condition (H9i) . imposed at some instant, result in Einstein's equations being 
satisfied at this instant. 

It was shown in [6] that using the Bianci identity, we can obtain the relation for the time 
derivative of constraints (H2|l : 

do (riaG"^^) = ^ Ulel d,G^' - riaG'^' doU^t + G"^^9on„. (52) 

This relation easily implies the second result: if Einstein's equations ( l5Ti) are satisfied at some 
instant, then the time derivative of constraints (H2l) vanishes at this instant. 

Together with the first result above, we conclude that if the embedding theory equations are 
always satisfied, condition (l49ll is satisfied during some time interval, and Einstein's constraints 
( 1l2ll are imposed at the beginning of this time interval, then Einstein's equations are satisfied 
during the whole time interval. Because, in particular, Einstein's constraints, being imposed 
at the initial instant, are satisfied automatically at subsequent times, we can expect that these 
constraints become first-class constraints in the framework of a canonical formalism. 

If the initial data are chosen as corresponding to the general case and condition f j49|) is 
therefore satisfied, then the embedding theory with Einstein's constraints imposed at the initial 
instant is equivalent to GR. 



4. Canonical formalism with additionally imposed Einstein's constraints 

We now develop the canonical formalism for the embedding theory. Dropping the total 
divergence term in the integrand in action ([3]), we write it in the Arnowitt-Deser-Misner form 

S = j (fx {{Klf - K,kK'^ + . (53) 

If we rewrite this expression in terms of the embedding function y°'{x) and use one of the forms 
of representing formula (140|) , then it becomes 

S = j d'xV^ (^n, n, k kmL'"''"' + ^) , (54) 

where 

Tik,lm %ikHm ■^il^km 

—99 ~ 9 9 ■ \^^) 
We note that formula (138|1 implies the equality 

9'' = -4 > (56) 
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where ij'^ = day"'. Using the relation g = g/g'^^ and formulas ( !38l) .( !56|) .( !23|) . we can rewrite 
action ( 15^ in the form in which the derivatives of the variables y°'{x) with respect to the time 
are written explicitly: 




S = I dx'L{y'^,r), L = I d'x^l J" + \Jr ^±ab y' Bl \ , (57) 

y" Aab y^ 



where the quantity 



and also the projection operator Il±ab do not contain time derivatives. 

3 

We can treat the quantity b'^f^ as the set of six vectors (at the fixed values of the indices i 
and k with respect to which it is symmetric). On the other hand, this quantity satisfies three 

3 3 

identities b^i^ea,i = 0. In the general case, we therefore have a unique normalized vector Wa 
determined by the conditions 



Wael = 0, Wablk = 0. (59) 
We note that action of the matrix B""^ on this vector gives zero, and this matrix is therefore 

3 

not invertible even in the seven- dimensional space orthogonal to the vectors e^. This was not 
mentioned in [5], which resulted in an incorrect form of one of the constraints. 

We find the generalized momentum tTq for the variable y"' from action ( 1571) (we use formulas 

= ^ = Babu' - ^u^ [u^B'^n, - B^) . (60) 

3 

Taking the properties of the quantity into account, we obtain the constraints 

= nae'} = 0. (61) 

In the general case, relation ( l60l) must generate one more constraint arising as a restriction on 
the momentum tTq following from the identity n^rza = 1. We note that it is extremely difficult to 
write this constraint as an algebraic expression (this problem was studied in [10]). But instead of 
studying the general case, we assume that Einstein's constraints (H2|) are additionally imposed 
when constructing the canonical formalism. Using formulas (l43l) . (146|) . (!58|) . (1231) . we write these 
constraints in the form 

'K = -2\pg V, {l^'^'^ 6L = 0, (62) 

7^° = n^B^^Hd - Bl = 0, (63) 

where we choose the common factors for convenience. Accounting for constraint (1631) in expres- 
sion (l60l) for the momentum, we obtain the momentum in the form 

VTa = BabuK (64) 



3 
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As a result, the identity n^n^ = 1 does not restrict the momentum tt^ (because the matrix Bat, 

3 

as stated above, is not invertible even in the subspace orthogonal to the vectors ef); instead, 
the constraint 

$0 = vTaW;" = (65) 

arises in addition to constraint (I6T!) . 

Using formulas fl60l) . fl57|) . (!38|) . (156!) . we can easily find that the theory Hamiltonian 



H= d-'xTTay''-L (66) 



vanishes. The generalized Hamiltonian then reduces to a linear combination of constraints (1611) - 
( l63ll ■ (l65l) . and we must verify whether these constraints are governed by a constraint algebra 
of the first kind. 

In the canonical formalism, constraints must be expressed via generalized coordinates and 
momenta, i. e., via y"" and Ha but not y"' in our case. Constraints (l6Tl) and ( !65l) satisfy this 
requirement (we note that the vector Wa determined by conditions ( 159|) depends on but not 
on y"), while constraints ( l62l) and ( l63l) do not satisfy it. They must therefore be transformed 
to the necessary form. For this, we introduce the quantity ajf unambiguously determined by 
the conditions 

a:' = a':, afet = 0, afw^ = 0, b^, = ^ {616'^ + 61,6^) . (67) 

It is clear that this quantity as well as Wa depends on y" but not on y"-. Relation flMl) implies 
that 

b',,n, = «f (68) 



where 



Lpr,lm 2 QprQlm QplQrmi Lpr^lmL 5p6^.. (69) 



Using formula flBSj) . we can write constraints fp2]) . fl^ as 



H' = -V-^ Vfcl ^vrX' I , (70) 



n'' = TT'^af L,fc,;„«f TT^ - 2\l-g R. (71) 

3 



Constraints represented in this form cease to contain y"-. It is clear that constraint (TTT]) is an 
expression quadratic in the momentum vr" and constraint (170|) and also constraints (16T|) . (165!) 
are linear in this momentum. 

We note that the set of constraints (!6T|) . (!65!) . (!70l) .(!7T ]) found here differs from that in [5] in 
that constraint (I^Sj) looks different (see the note after formula (1591) ). 
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We must now calculate the Poisson brackets between obtained constraints (|^ . (|^ . (|7n]) . 
[1]). Because Einstein's constraints, as shown in Sec. 3, must be preserved on the equations of 
motion, it can be hoped that these Poisson brackets are expressed by linear combinations of the 
constraints, i. e., we have a first-class constraint algebra. But this must be verified explicitly. 

It is useful to find the result of the action of transformations generated by constraints 
(16T1) . (1651) . (1701) on some combinations of variables. Calculation shows that 



(73) 



yd^x (n, + <^?lC,gim^=0, yd'i (7^. + $.)e,7r'^af I ^0, (74) 

where Hi = QikH^ and are arbitrary infinitesimal quantities depending on x^, {• • • } is 
the Poisson bracket, the sign denotes the equality up to adding a linear combination of 
constraints, and we use the notation / = /(x), / = /(x). 

Formulas fl72l) imply that the constraint $fc generates transformations of three-dimensional 
coordinates on the constant-time surface (we note that the generalized momentum tt" is a 
three-dimensional scalar density). Because the constraints $0 and TiP are scalar densities and 
$j and TV' are vector densities, this means that the Poisson brackets between the constraint $j 
and all other constraints are linear combinations of the constraints. 

The first formula in ( 1731) states that the constraint $0 generates a transformation that is an 
isometric bending of the surface W^. Because the constraints l-C" and HP are expressed via the 
quantities gim and Tr^a^"^, formulas (173|l imply that the Poisson brackets between the constraint 
$0 and the constraints 7i*, HP are linear combinations of the constraints. 

Analogously, formulas (fMl) demonstrate that the constraint combination Hi + $i also gen- 
erates isometric bendings of the surface W'^ and that its Poisson brackets with the constraints 
H^, H^ reduce to linear combinations of the constraints. We note that the total number (four) 
of the found generators of three-dimensional isometric bendings corresponds to comparing the 
number of independent components of the three-dimensional metric (six) and the dimension 
(ten) of the space into which the three-dimensional surface is embedded. 

Taking all the above into account, to prove the closedness of the constraint algebra fl61l) . fl65p . 

(170]) . (ITTil ■ it remains to verify that the two Poisson brackets |$07 "^'oj" and |7-^°,7-^°| are zero. 

This is a direct calculation, which is very cumbersome, especially in the case of the Poisson 
bracket jTi^,?-^"!. We have thus proved that constraints flM]) . flB5]) . (1701) . (1711) are first-class 
constraints. 

In accordance with everything said after formula (1651) . we can write the Hamiltonian of the 
embedding theory with the additionally imposed Einstein's constraints in the form of a linear 
combination of all eight constraints with the Lagrange multipliers, 

H = Jd^x{\'^i + \^% + NiH' + NoH'^) . (75) 
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But because four of the eight constraints appear not from the canonical formahsm construction 
but are merely imposed artificially and added to the Hamiltonian with their Lagrange multi- 
pliers, the equations of motion generated by this Hamiltonian may not exactly reproduce the 
initial equations of the embedding theory and may contain some of the Lagrange multipliers as 
additional variables. 

The presence of the eight first-class constraints suggests the presence of an eight-parameter 
gauge symmetry in the theory, while only a four-parameter gauge group corresponding to 
changing the coordinates on the surface is present in the initial theory. This means that 
the additional symmetry transformations must act on the additional variables (the Lagrange 
multipliers). 

It can be conjectured that cleverly fixing the arising additional gauge freedom, i. e., im- 
posing some special conditions on the Lagrange multipliers arising in the equations of motion, 
results in these equations becoming the embedding theory equations and correspondingly, by 
the satisfaction of the constraint equations, Einstein's equations. In the next section, we show 
that this is true. 

It is interesting that a simple calculation shows that the quantity 

TT = --vr a„ (76) 

is canonically conjugate to the three-dimensional metric gik- If we confined ourself to considering 
only the dynamics of quantities composed from tjik and vr'™, then by virtue of formulas (1731) .(ITil). 
we would drop the term in Hamiltonian (!75|) that is proportional to $o and replace $j with 
—Tii. As a result, the Hamiltonian would become 



H = Jd^x {{Ni - \i)H' + A^o^^) 





in which form it reduces to a combination of only four constraints rather than eight and coincides 
exactly with the known expression for the Hamiltonian in the Arnowitt-Deser-Misner formalism. 



5. The action for the embedding theory with additional Einstein's constraints 

We construct the action corresponding to Hamiltonian (1751) . For this, we calculate the 
quantity 

\ii,a I \0„,,a I „ci,ik \-7 -\T i ^a,ikf ^lm„b ( 

OTXn / 3 
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3 

Contracting this equality with the quantity ha^pr and using its properties and formulas ([6 
), we find the relation 

/ ^ 

vr'^cf = ^ V'''-^ Uj>t, - ^ {VM + V.AT, ) ) . (79) 
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Substituting relations fl78p and fl79l) in the formula relating the Lagrangian and Hamiltonian of 
the theory, we can easily obtain the expression for the desired action, 



S 



dx 



d X 



No 



, lm„b 



d x\J —g 



2Nn 



3 3 
VbOlm ^ I + 



+2NoR 



■ (80) 



We see that together with the initial theory variables y"", the Lagrange multipliers Ni and A^o 
enter this action as additional independent variables. Hence, these variables also enter the 
equations of motion obtained from action ( IHOl) . The result is that such equations of motion do 
not exactly reproduce initial equations ([5]) of the embedding theory. 

Equations of motion corresponding to action (IHOj) impose no restrictions on the time evo- 
lution of the variables Ni,NQ because they are Lagrange multipliers. These variables can be 
assigned arbitrarily chosen values using the additional gauge transformations discussed above. 

Comparing expression (ISUjl with initial action ([57]), we can easily see that they coincide 
under the conditions 



A^,; = 0, 



^yr iab y 



(equality (|56|) is used here) on the Lagrange multipliers Ni and A^o- This means that if we impose 
conditions ( IHTj) . thus partially fixing the gauge freedom in the equations of motion obtained 
from action ( IHOi) . then these equations become embedding theory equations ([5]) supplied with 
Einstein's constraints (the latter appear after varying the action over the variables Ni,No). 
As shown above, if the initial data are in the general position, then this set of equations is 
equivalent to Einstein's equations. 

We can therefore conclude that a theory equivalent to Einstein's GR can be obtained by 
partially fixing the gauge freedom in the generalized embedding theory with action (IHOl) . which 
has the eight-parameter gauge symmetry. 

It is interesting that action flHOj) up to nonintegral terms can be written in the form of the 
initial GR action 



S = J d'xy^Rig') 



(82) 



if we here substitute for the metric g'^^, not its induced expression (jl]) but the modification of it 

g'ik = 9ik = diy'^dkVa, g'ok = doy^dkya - Nk, g'^o = AN^ + g'oig'' g'ok, (83) 
whence we obtain g'^'^ = To see this, we must rewrite action (!82|) in form (!53|) replacing 

3 

g^i, with g'^j^ and using the formula g' = g'/g"^^: 

1 



S 



d^xV -g' 



K,k{g')V'''"'{g')KiM) + 



(84) 
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Using the known relation 



/ 3 3 \ 

Kik = ( -dogik + Vi gok + goi 1 , (85) 

formulas (l83i) . and the equality 

K^k = ^yh. (86) 
which follows from (l38|l . (140!) . we can see that 

Substituting this expression in and taking formulas fl83l) and the fact that U^'^'^^g') = 

3 3 

£^tk,im^g^ and ^^(y') = -R(fi') (where is the induced metric) into account, we can easily see that 
the result coincides with formula flHOj) . 

As stated above, the considered theory with the independent variables y"", Ni, Nq whose 
action can be written in form fl82|) . has an eight-parameter gauge symmetry. We see that 
the quantity g'^^ is invariant under four of these eight transformations; the generators of the 
former in the canonical formalism are the constraint $o aiid the combinations of the constraints 
Tij + Those are the transformations that are isometric bendings of surfaces of the constant 
time (cf. formulas (173l) . fl74|) and the reasoning after them) supplied with the corresponding 
transformations of the variables Ni,NQ. We can also show that the quantity g'^^^ behaves as 
a tensor under the remaining four transformations, which just results in action (!82|) being 
invariant under these transformations. 

After gauge conditions (ISTI) are imposed, the quantity g'^,^ coincides with the induced metric. 
Therefore, it satisfies Einstein's equations in this gauge (this is true if the initial data are in the 
general position; see above). But because this quantity is invariant under the transformations 
that we use to reduce arbitrary values of variables to those restricted by gauge conditions flHTj) . 
it satisfies Einstein's equations even if we do not impose gauge conditions fIST]) . Therefore, we 
can in principal consider the quantity g'^^^ to be the metric, which is invariant under additional 
symmetry transformations and coincides with the induced metric only in gauge (IHTj) . 
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